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by Florin Radulescu^^ 

Abstract. Let T be any cocompact, discrete subgroup of PSL{2,M.) . In this paper 
we find estimates for the predual and the uniform Banach space norms in the von 
Neumann algebras associated with the Berezin' s quantization of a compact Riemann 
surface D/F. As a corollary, for large values of the deformation parameter 1/h, 
these von Neumann algebras are isomorphic. 

Using the results in [AS], [AC], [GHJ] on the von Neumann dimension of the 
Hilbert spaces in the discrete series of unitary representations of PSL{2,M.) , as left 
modules over F we deduce that the fundamental group ([MvN]) of the von Neu- 
mann C(T) contains the positive rational numbers. Equivalently, this proves that 
the algebras C{r) (g) Mn{C), n are mutually isomorphic. 

In this paper we will find some estimates for the uniform (Banach) norm in 
the von Neumann algebras in the Berezin's deformation quantization of compact 
Riemann surfaces. We then use these estimates together with the results in ([Ral]) 
to deduce that the von Neumann algebras in the Berezin's deformation, are for 
large values of the deformation parameter (r = 1/h), mutually isomorphic. The 
results in the papers ([AS], [Co2], [GHJ]) prove that the Hilbert spaces, associated 
with the quantization, are finite, left modules over the type IIi factor £(F). 

Consequently this implies that the von Neumann algebras in the deformation 
quantization are stably (Morita) equivalent with C(r). By using the isomorphism 
result proved in this paper one deduces that the algebras C{r) M^(C), n G N are 
mutually isomorphic. 

This in turn, because of the existing results in the literature, may be used to 
show that C(r) has (non-irreducible) sub factors having non-integer indices (by using 
[Jol]) or to show that the algebra C{r) is singly generated (by using [To]). The 
above result implies, (by using [Col]), that there are type IIIx factors whose core 
is C{r) ^B{H) for a separable Hilbert space H. Using [HP], one obtains that there 
exists no bounded projection from B[H) onto the Banach space subjacent to C{T). 
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Uniform norm for convolutors in von Neumann algebras of discrete groups have 
been first computed by Akemann and Ostrand in ([AO]). Estimates for the uniform 
norm in free group algebras have been determined by Haagerup in [Ha] and then 
used by him to find a non-nuclear C*-algebra with the approximation property. 
Some of these estimates have been generalized by JoUisaint ([Jo]) for a larger class 
of groups (including cocompact groups and some of Gromov's hyperbolic groups). 
Some of these results are used in the papers of Connes and Moscovici ([Co]) on 
the local index formulae. We refer to [Pi] (and the references therein) for the 
connections between the computation of such norms and recent developments in 
the theory of Banach spaces. 

The computation for norms of convolutors in the von Neumann algebra of a free 
group are part of the Voiculescu's non-commutative probability theory ([Vo3], [Vo4]. 
One very important consequence of the Voiculescu's theory of random matrices, as 
asymptotic models for free group factors, is that the fundamental group of the 
von Neumann algebra of a free group with infinitely many generators contains the 
rational numbers ([Vol]). 

In this paper we consider the von Neumann algebras of the Berezin's quantization 
of a Riemann surface realized as D/F for a cocompact subgroup T of SU{1, 1). As 
we mentioned above, the algebras in this deformation are stably (Morita) equivalent 
with C{r). In [Ral] we proved that any element in the von Neumann algebras in 
the deformation is represented by a kernel, a function on D x D, A; = k{z, Q, which 
is analytic in the second variable and antianalytic in the first. Moreover the kernel 
is r invariant, that is k{^, 7C) = k{z, 0, ^ eT and eH. We will prove that 
the uniform norm of the element represented by k is equivalent to the following 
quantity (r is the reciprocal of the Planck's constant h): 



max {sup^eB / \k{z, C)\{d{z, C)Yd>^o{0,s^P(:en / \k{z, ()\{d{z, C)ydXo{z)}. 



By using this estimate and the results in ([Ral]) we prove that for any cocompact, 
fuchsian group subgroup P of the group PSL{2, R) (canonically identified with the 

group SU{1, 1)), the associated von Neumann algebra C(T) = C(r) C B{f(T)) 
has the property that the fundamental group 
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contains Q_|_\{0}. Equivalcntly, this proves that the algebras C{r)^Mn{C), n e N, 
are mutually isomorphic. 

As it was pointed out in [HV] (see also the references therein) the type IIi 
factors associated with cocompact groups in PSL{2,W) have the non-F-property 
of Murray and von Neumann. The property which we prove in this paper, for 
the von Neumann algebra of a cocompact group in P5'L(2,R), is similar to the 
corresponding property of the von Neumann algebra of a free group with infinitely 
many generators. For this last group, it was a breakthrough discovery of Voiculescu 
([Vo2]), based on the random matrix model, that the fundamental group T{C{Foo)) 
contains the positive rationals (in fact, as proved in [Ra4], this model may be used 
to show that the fundamental group J-'{C{F^)) is M_|_\{0}). 

The similar problem for free groups with finitely many generators is widely open. 
Based on Voiculescu's random matrix model for free groups with finitely many 
generators, it was proved independently in ([Dy], [Ral]) that !F{C{Fn)) is either 
R+\{0} or either {1}, independently on the natural number N. The first situation 
would occur if and only if one would have a positive answer to the von Neumann- 
Kadison-Sakai question on the isomorphism of the free group algebras jC{Fn). 

We finally note that the only other type IIi factors (except for the hyperfi- 
nite factor) for which one has some knowledge about the fundamental group, are 
the algebras associated with groups with the property T. For this algebras, by a 
remarkable result of A. Connes, ([Co3]), we know that the fundamental group is 
almost countable (see also [Po] for the recent construction of a different type IIi 
factor with the same property). 

Acknowledgment. During the elaboration of this paper, I have greatly benefited 
from disscutions with C. Frohman, U. Haagerup, C. T. McMullen, G. Pisier, R. 
Curto and D. Voiculescu. 

Definitions and outline of proofs 

The proof of our main result is based on some estimates for the Banach space 
norms on the von Neumann algebras associated with the F— equi variant, Berezin's 
quantization of the unit disk ([Ra2]) or, in other words, for the algebras associated 
with the quantization deformation ([Be]) of the compact Riemann surface D/F. 

In this deformation quantization, the associated von Neumann are type IIi fac- 
tors ([Ra2], see also [Ri] for deformations quantization with similar behavior). We 
prove that the von Neumann algebras corresponding to different values of the de- 
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on the exponent of convergence ([Be], [Pa]) of the group F). We refer to [En] for the 
computations regarding the asymptotics of the Berezin's deformation quantization 
for such domains (see also [BMS], [KL], [BC]). 

Let Xr be the measure on D defined by dXr{z) = (1 — \z\'^Y~'^dzdz. Hence Aq 
is the PS'L (2, R) -invariant measure on D. Let (7rr)r>i be the (continuous) series of 
projective, unitary representations of P5'L(2,R), (identified with SU{1, 1)), on the 
Hilbert space Hr = -H"^(D,dAr) ([Sa]). For M a type IIi factor with normafized 
trace r and for any t in [0, 1], following ([MvN), let the reduced algebra Mt be the 
isomorphism class of the type IIi factor eMe, where e is any selfadjoint idempotent 
of trace t in M. 

Let Mn{C) carry the canonical (non-normalized) trace. The definition for Mt 
definition also makes sense for any t > 1 if we replace, from the beginning, the 
algebra M by M (g) M„(C), where n is any integer bigger then t. The isomorphism 
class of Mt is independent of the choices made so far ([MvN]). In particular the 
fundamental group T{M) is the multiplicative group {t\Mt = M}. 

In [Ra2] we proved that for each h — 1/r > Q there exists a suitable vector 
space Vh consisting of smooth, F— invariant functions on D (or simply, consisting 
of smooth functions on D/F), so that Vh is closed under conjugation and under 
the Berezin product *h- Moreover if we endow Vh with the trace r given by the 
integral over a fundamental domain F of F in D, then, (by the Gelfand-Naimark 
-Segal construction), we obtain a type IIi factor Ar that coincides with the com- 
mutant {7rr-(F)}' of the image of F in B{Hr) through the projective, unitary rep- 
resentation TTr of P5'L(2,M) into B{Hr). By cov F we denote the covolume of F. 
For integer r, (or if F is the (non-cocompact) group PSL{2,Z)), it is known, (see 
[Co3], [GHJ], [Ra2]), that the algebras Ar are isomorphic to the reduced algebra 
£(F) 

[(r — l)(cov r)/7r] • 

For ^, C in D let d{z, C) = (1 - 1-2^)^/^(1 - |CP)^/^|1 - ^Cl"^- This is the square 
root of the hyperbolic cosine of the hyperbolic distance between z and C in D. For 
any z in D let be the vector in Hr which corresponds to the evaluation at z. 
Let ^ be a bounded, linear operator on Hr- Let (•, •,)r be the scalar product on 

Hr- Recall ([Be]) that the Berezin's (contravariant) symbol of A is a function A on 
D X D, antianalytic in the first variable and analytic in the second, computed by 
the formula 

A/^ ^\ / /I „r- „r\ //„r „r\ \ — 1 
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If A commutes with TTr{T) then the symbol has the following invariance property: 

A{-fz,-fC) = A{z, C), 

for all 2;, C in D and for all 7 in F. 

In [Ra2] we introduced the following norm ( which is stronger then the uniform 
norm) on a weakly dense subalgebra of B{Hr). The definition of the norm, for A 
in B{Hr), is given by 

im|A,r = niax {sup^eD / \A{zX)\{d{z,C)ydXo{C),supc€0 / \A{z,C)\{d{z,C)ydXoiz)}\ 

Jb Jn I 

Let B{Hr) be the set of all bounded operators on whose || ■ \ \\^r norm is finite 

and let Ar be Ar^Bi^H^). In the same paper ([Ra2]), by using the explicit formulae 
for the Berezin's multiplication rule *h we determined an explicit formula for the 
cyclic, two cocycle ij^r-, canonically associated with the deformation (see also [CFS], 
[CM], [RN]). The formula for proved that ij^r lives on the algebra Ar, and that 
the following estimate holds 

(1) |V'r(A5,C')| < const^||A||A,r||S||2||C||2, for all A, 5, C G A- 

In general the cyclic cohomology class ([Co]) of the cocycle V'r represents an 
obstruction for the different products *h to define isomorphic algebras. The con- 
struction of may be used (see [Ra2]) to prove that the bounded cohomology 
group -f^bounded(-'^' ii'^Ai [^h]), is nontrivial for any discrete subgroup F of 
P5'L(2, M) having finite covolume. 

If the cocycle V'r is bounded, by the uniform norm || • ||oo,r on Ar replacing the 
norm || ■ \ \x^r in the equality (1), then standard techniques ([SinS], [CES], [PR]) in 
the cohomology theory of von Neumann algebras are used to show ([Ra2]) that 
is the boundary of a bounded cycle (j)r- Hence there exists a bounded, antisym- 
metric, linear operator Xr on LF'{Ar) so that for all A^B in LF'{Ar) we have that 
(j)r{A,B) = {Xr{A),B). The evolution operators on L'^{Ar), corresponding to the 
non-autonomous differential equation associated with Xr will then implement an 
isomorphism between the algebras Ar for different r's ([Ra2]). 

In this paper, we show that for a cocompact, discrete subgroup F of PSL{2, M), 

j-1 ™„ II II ] II II ; 1 J- A _ r_ /-T^M/ rril ] .„;u„J 
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above, it follows that the algebras Ar, associated with the Berezin's deformation 
quantization of D\r, are mutually isomorphic. By ([AS], [Co2], [GHJ]) the algebras 
Ar — {Ti'rir)}' are isomorphic, for integers r > 2, to C{r)(^r-i){coY r)/n)- 

Note that, (by [Ra2]), this holds in fact for any r > 1, if the cocycle coming from 
the projective, unitary representation Tr^lr is trivial in H^{T,T) (which happens 
if e. g. r is the (non-cocompact) subgroup PSL{2,Z). Hence, for sufficiently 
large integers n, m, the algebras /^(r)[(^_i)(cov r)/7r] and C{T)[(^rn-i){cov r)/Tr] are 
isomorphic. This implies that the fundamental group of >C(r) contains the positive 
rational numbers. 

Note that if the conjecture in [HV] asserting that the von Neumann algebra of 
a cocompact, discrete subgroup of PS'L(2,R) is isomorphic to the algebra of free 
group whose fractional "number of generators" ([Dy], [Ral], [Vol])) depends on the 
covolume of F, then it would follow (by [Vo2], [Dy], [Ral]) that the question (von 
-Neumann-Kadison-Sakai, [Ka], [Sa]) on the isomorphism of the algebras C{Fn) 
would have an affirmative solution. Alternatively this could happen if one could 
extend the methods in this paper to non-cocompact groups like PSL{2, Z) or to 
the discrete Hecke subgroups. 

For ^, C in D the function d{zX) = (1 - 1-2^)^/^(1 - |CP)^/^|1 -^Cl"^ is the square 
root of the hyperbolic cosines of the hyperbolic distance between z and ( (see e. g. 
[Pa]). Denote by Kj. the symmetric, F-equivariant kernel on D defined by 

7€r 

It is well known that the series defining Kr is uniformly convergent on compact 
subsets of D if r is bigger then the double of the exponent of convergence of the 
group F ([Be], [Le], [Pa]). This types of kernels appear in the Selberg trace formula 
([Se]). 

Let F be any fundamental domain for F acting on D. Recall that the trace on 
Ar is defined by the formula r^^(A) = t{A) = (Ao(-F))~^ J^, A{z, z)Xo(z) for any 
A in Ar with Berezin symbol A. The formula for the product of two elements A, B 
in Ar is computed out of the symbols A^B s& 

(A*B)(z,a^Cr f /(^^) f^(^_^g dAo(„),. CeD- 
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Hence the Hilbert space L'^{Ar, r) associated (via the Gelfand-Naimark- Segal) con- 
struction to the trace r on the type IIi factor Ar = {nr(r)}' is identified with the 
Hilbert space of functions /c = ry), 7 e F on D x D that are antianalytic in the 
first variable, analytic in the second which are F— invariant {k{^,^() = k{z,()). 
The Hilbert norm is given by the formula: 



Here D x F could be replaced by any fundamental domain for the diagonal action 
of F on D X D. 



In the next lemma we determine the precise formula for the point evaluation 
vectors in the Hilbert space associated to the deformation quantization. As we 
pointed out above this may be identified with a Hilbert space of square summable 
analytic functions and hence it contains evaluation vectors. 

Lemma. 1. Let T be a cocompact subgroup of PSL{2,'R). For z,( in B> and 
for every r bigger then the double of the exponent of convergence of T let ^ = 

e| ^(ryT, 772), ?7i, ?72 in D be the function on D^, antianalytic in the first variable, 
analytic in the second defined by the formula: 



Then e| ^ is the evaluation vector at z, ( & B) on L'^{Ar,T), that is T{Aej ^) = 



Proof. We first prove that the series defining e| ^ is uniformly convergent on 
compact subsets in D x D. This will follow automatically from the computations 




The results 





A{z, C) for all A in 



{Ar, t). Moreover e| ^ belongs to Ar Q Ar- 



showing that el^ belongs to Ar- We need to estimate 




r;ieB^ |i -r/i7Cr jD|i-7^^2r 



V ii-7^7cr (i-ir7ip)-/^(i-i7Cpr/^ 
m^D^ (1 - M^y/'{i - wy/' |i - mic\' 

- sup {d{z,Q) > _ I 

= SUp(d(^,C))-^i^r(C,^l) <M,(d(^,C))-^ 

Hence e| ^ belongs to Ar and 

IKcllA,r<M,(d(z,C))-^ 

The fact that ^ are the evaluation vectors may be tested against elements 
A e Ar which are given as Toeplitz operators on the Hilbert space iy^(D, A^.) 
with F-invariant symbol 0. In this case 



i-wcra-kiy/^ 
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This is exactly the symbol of evaluated at z, (. 

Remark 2. Estimates for the spectral distribution of e^^, for z,( & 3 may be 
obtained from 



ii2__^ . r r ^_^^-l^2^p (l-c^r(l-7^7cr . 
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W^e a/so noie the estimates for the higher moments of el ^el ^ although we won't 
make any use of them. Let Cr = then 



1- . ((eL .eL \'^\ 
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. .2n (1 - 7l^7lC)^(l - 72^72C)^-(1 - 7^^72n-llC)^(l "X)' 

^ (l-^7l^)'-(l-7iC72Cr(l-72^7pr-(l-72n-iCCr 



The following estimate holds for the norm in L^{AriT) of ^: 

||ei,J|l<(^f(d(^,C))-^^,CeE)• 

TT 

Proof. The last estimate may be deduced from the fact that the norm of the 
evaluation vector ^ in [Ar-, r) should be less then the norm of the corresponding 
(rank 1) evaluation vector (at z, on B{Hr). This norm is easily computed to be 
equal to {^f{d{z, C))"^ for all 2, C e D. 

Lemma 3. Let yl^(D x D) he the space of (diagonally) V -invariant functions on 
D X D that are antianalytic in the first variable and analytic in the second variable, 
with the topology of uniform convergence on compacts subsets o/D x D. For all C, z 



in D, the following integral is convergent in (D x D) and is equal to 



z,z 



I eL^{d{zX)rdXo{z)^eL, 
Jb 



Proof. We will first check the (absolute) uniform convergence on compacts of 
the integral. We have for all r]i,r]2 £ that: 



rjiGBjB^ |i -Z7r72rii -7^iCr 



< 



^ |i-2;7^2r iD|i-7^iCr 



2^ 

7 



ii _ 77717772 r(i ■ 




\z\ 


|2)r/2 


|1 - :z7r72|'"(l - 





E 





1 _ 77717772! 


r 


(1-1 


\z\ 


2)^/2(1-1 


|7^2| 


|2)r/2 


(1- 


|7^iP)''/'(l-| 


77;2|2)r/2 


|1 -^(7^2^ 


)|r 





= {d{m,V2)) ''Kr{z,r]2). 



:e — 1 ] — ] c — ~ „ „ ;„ „ „„™ .j- „,,u — j- m ^[T3„^\ 
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To check the formula in the statement we need to compute 

_^ {i-vnvi2ni-m'-^^ r-i r (i--c)'-/^ 1 

^ (1 - z-fr)2Y (1 - 7^^)^ 

(1 -m7%)'^(l - kP)'' r ( ^ 

^ (1 - z-fr]2y{l - 7^1^) 

Remark 4. iVote t/iat the formula in the above statement is related to the following 
equality (valid for any A in Ar having the Berezin's symbol A). We have 

Jn 

Proof. Note that the fact that A is in Ar makes the integral absolutely conver- 
gent. We obtain that 

(^) / AizX){d{zX)ydXo{0 
_r-i r A{z,0{l-\z\r/' 1 

A{z, z). 

1^1 - \z\-y'- 
This completes the proof. 

For a separable Hilbert space H let Ci (H) denote the trace class operators on H, 
with the norm || • ||i = || • ||i,Ci(H) = II " 111- We intend to show that for T cocompact 
subgroup of PSL{2, M) the integral in Lemma 3 is also absolutely convergent in the 
normic topology of L^{Ar, t). We will first give a formula to estimate the norm of 
an element in L^{Ar,T) in terms of its Berezin symbol. 



A{z,zyi 






\z\ 


|2)r/2 


(1- 


\z\ 


|2)r, 


/2 
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Lemma 5. Let T be a cocompact subgroup 0/ P5'L(2, M) . Let A be any element 
in L^{Ar,T). Let 71,72,... be an enumeration of G and let F be a fundamental 
domain for r in 3. LetG^ be U^]^7jF. Let xGn characteristic function of 

Gn viewed as a multiplication operator on L^(D, A^.). 

Let ||xGjvAXGivlli,Ci(L2(Gjv,A,)) = I IxGjv^XGjv I |i be the nuclear norm of the com- 
pression of A (viewed as an operator on L^(D, A,.)) to L'^{Gn,\)- 

Then we have the following formula: 

||^||Li(.A.,r) = lim ^IIXG^^XG^IIi- 

JV^oo iV 

Proof. The normalization comes from the fact that the trace of xGn-^XGn 
acting as a (nuclear) operator on L^{Gn,K) is (by the trace formula in [GHJ]), N 
times the trace 

TAri^) = trB(L2(F,dA.))(XF^XF)- 

We use the identification described in [GHJ] (see also Chapter 3 in [Ra]) of 7r^(r)' 
with >C(r) B{L'^{F,dXr)) acting on 1^{T) ® L'^{F,dXr). As proved in [GHJ] the 
trace of an element x in L^{Ar, t) is computed by the formula 

In particular 

\\x\\L^{Ar,T) = i^B{L^F,dXr)){XF\x\XF)- 

Let Pn be the projection in S(L^(D, A^.)) obtained by multiplication with the 
characteristic function of xGn ■ 

Denote M = {nr{T)y and let x be any element in L^{M, r) flM having support 
a finite projection in M (like the elements in L^{Ar) do, as Ar = PrMP^ and Pr 
is a finite projection in M ([GHJ])). Then XGjvI^IxGjv is trace class for any N and 
its trace is, (since |a;| commutes with F), given by: 

N[{tYB{L^F,dX^)){XF\x\XF)]- 

For any element y in i?(L^(D, A^.)) denote the positive and negative part by 
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x± Consequently, for any k = 1,2,..., X'ykF{PNxPN)±X'ykF converges weakly to 

The trace of ■^XGn[{PnxPn)±]xGn is the same as the trace of the element 

1 ^ 

= J^J2^(^kF)[{PNxPN)±]XhkF)- 
k=l 

The trace of is in turn equal, (by bringing back all this elements under the 
projection Pi — xf), to the trace trB(L2(F,dA^))(-S^) of the positive element 

1 ^ 

= j;^^XF{7Vr{7ky[X{jkF)[iPNxPN)±]X{^kF)]M7k)}XF- 
k=l 

On the other hand since |a;| commutes with 7rr{T) we have that 
1 ^ 

;^l]xF[7rr(7fc)*(X(7feF)(^±)X(7feF))(^r(7fe)]XF = Xf{x±)xf- 

k=l 

Since X(jkF){iPNxPN)±)X{'ykF) converges weakly to X(7feF)(a;±)X(7feF) for any k 
it follows that converges to XFix±)xF- 

Moreover the convergence is dominated; all elements are dominated by a scalar 
multiple of the positive trace class element X-F-PrXF in B{L^{F, X^)). Hence, by 
Theorem 2.16 in ([Si]), it follows that 

trB{L^{F,dXr)){^XGM{{PNxPN)±)XGM) = trB(l,2 (F,dA,)) (^J ) = B{L^F,dXr)){PN) 

converges weakly to tTB{L^{F,dXr.)){XF{x±)xF)- This implies that 

Jim ||4^XGjva^XGjv)lll,Ci(L2(G;v,dAO) ^ i^BiL^F,dK)){XF\x\xF) 
= \ \XFXXF\\l,Ci{L2{F,dXr)) = lkl|l,Li(-Ar-)- 

To extend the above result from the class of all x in L^{M, t) f] M having as 
support a finite projection in M to the class of all x in L^(M, r) having as support 
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Note that by the Peierls-Bogohubov inequahty, (also rediscovered by Berezin, 
see Lemma 8.8 in [Si] and the references therein), we have that, for any positive 
convex function / with f{0) — and a; in M n L^{M, r), the foUowing inequahty 
holds true 

TArifix)) = tYB{mF,d\r)){XFf{x)XF) > B{L^{F,d\r))U {XfXXf)) ■ 

Hence for any N and modulo a constant depending on r we have 

J^\\XGN^XGN\\l,Cx{L^{G^,dK)) < TAr-{\A)- 

This completes the proof. 

We mention the following corollary (without proof) since we are not going to 
make use of it in this paper. On the other hand it offers a more tractable (for 
computations) to obtain estimates for elements in the predual of Ar- 

Corollary. With the notations in Lemma 5 we have that for any x in Ar = 
{TTr{T)y that 

\\x\\mAr;T) < (const)\im sup -^||XGjva^XGjvl|2,B(L2(D,dA,))- 

Ar-»oo ViV 

contains at least 

In the next proposition we will use the above estimate to show that the integral 
in Lemma 3 is also convergent in L^{Ar, t). 

Lemma 6. Let T be a cocompact, discrete subgroup of PSL{2,M.). Let Ar be the 
von Neumann algebra of all bounded operators acting on the Hilbert space Hr of 
the projective representation TTr of PSL{2,'R), that commute with 7rr{T). Then Ar 
is a type IIi factor ([GHJ]) and L^(^^,t) is canonically identified with the Hilbert 
space of all diagonally V— invariant functions on D x D, antianalytic in the first 
variable, antianalytic in the second, which are square summahle with respect the 

measure ^^j^^^^^ , supported on D x F. For ^, ^ e D /et ^ e L'^{Ar^T) be the 

evaluation vectors at z, C,. 

Then, for r sufficiently big, the integral 

f mr\\L^(A..MzX)YdXo(C) 



14 

is absolutely convergent, uniformly in z in a compact subset of D. 

Before that we insert here a disscution on some useful estimates (although they 
are not of direct use to the proof itself). 

We evaluate HeJ J|Li(yi,,,T) for z,( in D. Clearly ^ is the sum of (over F) of 
the operators of rank 1 on L^(D, u^) given by the formula 

(l-(7^)7Cr<e;„->e!;^. 
It follows that the nuclear norm llxGe^^xdli is bounded by 

i—^)z2\'^ ~ (7^)7CrilX(?e!^zl|2,L2(D,A,)||XGe!^cll2,i2(D,A,) 

Hence we have that 

IIXGei,^XG||i 

<^(d(^,C))-^E[/ {dilz,rjrdXriv)]'^'[[ «7C,^rdAo(r7)]^/^. 

Let 7i, 72, ••• be an enumeration of T and let F be a fundamental domain for T in 
D. Let Gn be (jfLi'yiF. Let xGn be the characteristic function of Gn viewed as 
the multiplication operator on L^(D, A^-). Let c^. = Consequently, 

XGjv 4xXGj^ I \i,B{LHF,K)) id{z, CydXo (C) 
^ (^'■)^ idi^z,vrdXoiv)]'/'[f (d(7C,^)''^dAo(r7)]^/2dAo(C) 

N N ■ 

= / Et^E / W7^,^)'''dAo(r7)]^/2[l5^ / (d(7C, r7)''-dAo(r7)]^/2dAo(C)l 

We denote the last sums by (f)N{z). Assume that belongs to F. It is then easy 
to see, by the arguments in ([Le]), that for all C £ D, a G F, Jp{d{C, a?7)^^dAo(?7) = 
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Hence (modulo a constant depending on T and r), (j)N{z) is dominated by 



N „ ^ N 



In turn this quantity (because dAo is an invariant measure) is equal to 



N ^ , AT 



AT AT 

= / [^E(^(c>7.o)r]^/^dAo(c)E[^E ^(7-' 7.0)^1^/^. 

The integral 41^^ Eti(^^(C, 7^0))1l/MAo(C) is 



AT 

E / [i^E^(c,7.or]^/^dAo(c) 

AT 

= E / []^E^(^C'W]'/'dAo(C). 
aer-^^ i=i 



Modulo a constant, the last integral is comparable (uniformly in 71,72, ••• and N) 
to 

Hence, we get that (modulo a constant depending only on T and r) 

\XGr^e^X^GM\\i,Ci{L^n,x,)){d{z.C)ydXo{C) 



1 

N 



1 ^ 

< const,,r{E[l^E^(70'7^0)'1'^'> 



7 i=l 



Let 

AT 

yAT 



1 ^ 
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To be able to take N to limit one should have that the above sums are uniformly 
bounded in A^. Note that if the summand for F wouldn't be raised to the power 
1/2 then this would have been (by F invariance) 

N N 
7 i=l 7 i=l 

1 ^ 

7 i=l 7 

which is finite by the arguments in [Be] as soon as k is bigger then 1. 

We use the notations and the methods in the survey article by Lehner. Let 
n(r, 0) be the numbers of points in the orbit of FO contained in the euclidian disk 
of radius r in D. By Tsuji estimates ([Ts]) and by the asymptotic formula of 
Huber ([Hu]) n{r, 0) is asymptotically 2g-i 137 ? where g is the genus of the compact 
Riemann surface D/F. Also the distribution of the orbit FO is uniform with respect 
to arc measure ([EM]). I am very indebted to C. T. McMuUen for giving me this 
information (and many other informations which in the end weren't directly related 
to this paper). 

Neglecting the cardinality of the stabilizer of 0, which is finite, and by using the 
arguments in [Le] (in the argument of Theorem 2.2.5 loc. cit) we get 

Remark. Let 7i,72,... is an enumeration of T so that d{0,^iO)~^ is increasing. 
Let N = n{so, 0) and let un be defined as in (2) by 

1 ^ 

7 i=l 

Then, modulo a constant, we have that un is asymptotically equal to 

It is easy to see that, by using the fact that the distribution d(n(r, 0)) is asymp- 
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factor a/(1 — So) in front of the integral representing the sum then we would be 
able to find a finite upper bound which is valid for all A^. 

This is because the integral representing the sums is dominated by terms of the 
form (1 — so)~^/^ (see the computations bellow). To get rid of this (unfortunate) 
power of N in our estimate we have thus to use a better estimate for the integral 
in our statement. 

Proof (of Proposition 6). We neglect the cardinality of any stabilizer (because 
these are finite ([Le])). We will use the distribution function n{r,d) counting the 
number of points from the orbit FO which are in a sector of radius r and angle 9 
from the origin. Let 

a h\ I cii bi 



1 / oi —bi \ ( aai + bbi abi + bai 



^'^ ' —bi ai J V bai + abi bbi + aai 



Let 7O = rexp(z^) = =, 71O = sexp(z0) = Hence 



(771)0 = 



re 



bbi + aai ^Aa + i ala 1 + rse*(<^+"('^)-^) 



a\ a a 



We will use the notation: 



exp(za(7)) = exp(za(70)) = ^, if 7 = ^ 



Note that 



a -b\ ^ b ba , ^ 



7-^0= ( 7)0=3 = S- = (70)e- 



a a a 



Then 



rexp(^(^-Q;(7))) + sexp(^0 r / \\ 

(771)0 = — T-r- -rr^expUaH)). 

^ ^ l + rsexp(z(0 + Q;(7) -6*)) ^ 



Also note that in this case 



/I 1/ ^^|2^ u n ^^2 n _, — 1^^2 
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|1 -7iO(7-iO)P |i + ;rse»(-<^+^-"(T))|2' 

In what follows we will use the notations 

K(70) = K(re^^) = e*(^+"(^)). 
Hence, with Z = re*^, ( = 71O, we have that 

1 - «(Z)zc 

Note that if denote 771 = /iiItO), then we must have that for all 7 in F that 

^(/7i(70)) = A,(cT70), 

i. e. that 

Z-H{Z)C, a{Z)-^a{Z))C 



(1) ^[ 



1 - Z^Z)C 1 - Z^a{Z))C 



for all Z in the orbit TO and all a in F. 
For functions / on D, we have that 

By using the density distribution dn(r, 9) counting the points the orbit FO in a 
sector in D of radius r and angle 9 (see [Le],[EM]) we get that 



/ (/(Z^(Z))dAo(Z) - / /(Z)dAo(Z) 



tends to zero when the support of / is close to the boundary of D (modulo terms 
of lower order with respect to the distance to the boundary). 
Let 7, 71 e F and denote Z = 7O, C = 71O. Then 

(2) l-^,.om = l-Z,^-'^(^>« - <1-I^l'' 



1-K(Z)ZC 1-K(Z)ZC' 
and 



1 - \Z 



2^ 



(3) |l-77iO(70)l= JJ^ 
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Also we have for all rji in D that 



(1 - imhCY = (1 - m{iiiO)r = [i - m^^^^^'' 



i-z^{z)C 



^O^zHiz)c-rn{z-H{z)c)y 



(1 - Z^Z)C)6r 
With this notations {Z = 7O, C = 71O) we have that 

^ ^ ^ "^"^ ' ^ |i-z«(z)c|2 

Recall that for arbitrary 2;, C in D we have that 



-W., 01 (1-7^,,)'(1-W7C)- 



for all r]i G D. Note that the factor \d{z, Q\ ^ which we get in front of the formula 
for ^ will be canceled by the corresponding factor Ol*^ in the formula for 



z,0 

The formula which we therefore get for e| ^ for 2; = 0, C = 7iO is 

^ |l-7077iO|'^ (l-70?72)'^(l-?7i(77i0))'^ | 

for all ?7j e D. We now use the method in Lehner ([Le]) to express the sum after 7 
as an integral. We use the formulae (2), (3), (4) (5) above. 

By using the notation ^ = 71O and Z = re*^ for the integration variable (r, 6 are 
the variables for the density function dn(r, 9) which counts the number of points in 
the orbit of TO in a sector of radius r and angle 6* in D) , we get 

= (M(o.<)i-) / . a-!?-'^'!.:J5"i-5iT:L., dn(...). 
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For our estimates we may replace the measure dn(r, 9) by rdn(r, 9) which means 
that a sufficiently good approximation for our purposes for ^ will be 

(6) 

7d (1 - Zr}2Y{l - 0^{Z)Z - r}i{Z - )^{Z)C,Y 
The resulting formula, has by the invariance property in (1) has the property that 

If we further particularize to ryi — criO,r]2 = (J2O then we get 

= ^(^' ^20) = ^(0, ar V2O) 

(7) =(|d(0,C)rO/ = -r — ^ ^dXr(Z). 

We use (7) to find estimates on ^||i when ( tends to the boundary of D. By 

Proposition 5 we may estimate the norm || ■ ||i for an element whose Berezin (F— 

invariant) kernel is A; = k{f]i, 772) by the norm of the operator on i^(F) given by the 
matrix 



^= (^ai,a2);^ai,a2 = |rf((7iO, (720) rA;((7iO, (TaO). 

Let 5^ be the left convolutor by 7 on P{T). Hence to estimate (|(i(0, C)r)l ko^j^ 
we could use, by (7), the norm 1 of the following element in the predual of >C(F) 

_ |^Q|2\r/2 r f ~ ICP)'^^^ (Z)}S 

' ^L(l-Za7^a20ni-Cm)ZY ^^ 



1 



o-er 



We observe that if replace 'i^{Z) by 1 then in the above integral the power of ( 
in the denominator disappears in the integral after Z. Thus if we replace K(Z) by 
1 we get an a convergent integral for Jj^{\d{0, CW)\\go (^Wi^^riC)- 

We have proved above that integrals involving K(Z) behave, for functions whose 
support tends to the boundary of D, like 'i^{Z) tends to 1. The remainder, by making 
this approximation just brings an additional order of zero in the following integrals 
which estimate the integral over D of the first Sobolev norm of {\d{0, C)r)e| ^- This 

additional power of zero will allow to estimate the norm || ■ ||i (as, by ([BS], [St]), 
the Sobolev (1 + e) norm is dominating the norm || ■ ||i. The proof of Proposition 
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Proposition 7. Let (Ti,ct2, ... an enumeration of T and let F be a fundamental 
domain for F m D and let Gn = U^^^fTiF. Then the following integrals are (abso- 
lutely) convergent, uniformly in N & N and z inB). 



(3) 



sup / ^\\^G^el^^GM\\2,C2{L^{Gr,,dK))idi^^0YdXQ{C) < oo. 



Moreover the above expression is bounded, (modulo constants that only depend on 
r andr), by the following (finite) quantity: 

1 ^ 

Note that the kernel representing the operator e| ^ on L'^{GN,dXr) is 
(1 — ?7r?72)~'^e| ^(?7i, 772)- Let /I'^ 6e the partial derivative, after rji, of the ker- 
nel representing ^ on L^{Gn, dX^). Thus 

fjf{Vi,V2) = ^Gjv(^i)^Gjv(^/2)-^(l -^^2)"''e|^J?7r,?72),?7i,?72 eB. 
Then the following integrals are absolutely convergent, uniformly in N (and z e Dj; 

sup / ^\\f2^\\{mG^,dK)r{diz,c)ydXo{c) < 00. 

Similarly, this is bounded, (modulo constants that only depend on r and F), uni- 
formly in N by 

-pE[i^ E lE7wi^7^^=7^ 

iveN^ ^ i^i J i^- (^^0)70) (1 - 70(77iO)) | 



Proof. We have 



I I^Gjv4,C^Gjv I l2,C2(L2(G,v,dA.)) 
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N 



= 4E / / l5]|ci(7^,7C)nrf(7^,^2)r|ci(ryi,7C)rrdAo(r7i,ry2). 

If, as we did above, we replace any integral over the fundamental domain F with 
the value of the function to be integrated at we get that, modulo a constant, 

■pp I I^Gjv4,C^Gjv I l2,C2(L2(G^,dA,)) 

is bounded by the following 

1 ^ 

i,j=l 7 

The integral in the statement may, by the same arguments as in the comments after 
the statement of Proposition 6, be compared, (uniformly in 2; in a compact set), by 
a discrete sum over T. Hence the integral in our statement is bounded, (modulo a 
constant which depends only on T and which also depends (continuously) on r), by 
the following sum: 

1 ^ 

Et]^ E iEi^(^0'^^o)ri^(^^-0'^^iO)riT/'- 

71 ij=l 7 

Here, again, we have replaced the integrals over F by the value of the integrand at 
0. The integral in which we replace (1 — r]ir]2)~^e^(^{'nii V2) by its partial derivative 
with respect to rji: 

^(1 -771772) "'e|_^(?7r, 772), 

will be bounded by a similar sum, which carries the additional factor: 

1 



(1 - aMlO)) 

If we use the next lemma, this completes the proof of Proposition 7. 

Lemma. Let T be a cocompact subgroup of SU{1, 1). Let d{z, () be the square root 
of the hyperbolic distance between two points z, ( in D, i.e. 

J( ^ /-^ _ ^^ l^|2\l/2/i iA|2\l/2|i 
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Let (Ji,(T2,... be an enumeration ofT. Let d{z,w) = \i-^w)^^ ^ ' ' /^'^ 

2;, e D. The following sums are absolutely convergent, uniformly with N 

1 ^ 

(8) «^pE[]v^ E iEi^(^0'^^o)ri^M,77io)riY/'<oo 

The same holds true ( uniformly in N &N) for the following sums 
(9) 

-pE[4 E I E n 7^ !! " ^^r'Z 70))-(cI(^, ^.-O))-!^]^/^ < oo. 

^eN^ iV^ V ~ (f^iO)70) (1 - 70(7710)) 



We replace the sums and in (8) and (9) by the integral over D with 

respect to the densities d(n(a2,^2)) and respectively d(n(ai, 6'i)). Also we replace 
the sums X^o-i' 5^a2 d(n(ti,0i)) and d(n(t2,02)) respectively. We also let AT = 
j^. We use the notations from the proof of Proposition 6. By using the method 
in ([Le]) we get that the supreme after of the sum (8) in the statement is finite if 
and only if the supreme over s of the following integrals is finite (for the convenience 
of the notation we will replace r by 2r): 



(l-a2)"(l-ti)" 



/•l p27V nS p27V pS p27T pi p27r 

Jo Jo ^^^~'^JoJo Jo Jo ^JoJo |l-tia2exp(z(0i-^2))|2^ 



(1-^2)^(1- l77iOr)'^ d^2da2 ,2 ci(/)idti d(/)2dt2 ,1/2 d^idai 



|l-t2(77iO)P'^ (l-a2)2' (l-ti)2(i-t2)2J (l-ai)2- 



pi p27V pS p27V pS p27V pi p27V 

/ / / // 1// 

Jo Jo Jo Jo Jo Jo Jo Jo 



2 r n r r", r (i-a2)'^(i-ti)^ 



lo Jo Jo Jo Jo Jo |1 -tia2exp(i((/>i - ^2))p' 

(l-t2)"(l-ai)^(l-a2)^ 

|1 + aia2e»("('^)-^2+6>i) _ ^^e-'-^^^ (a^e*^^ + a^e*(«(T)+^i))|2'~ ' 

d^2da2 |2 d(j)idti d(j)2dt2 -,1/2 d6'idai 



(l-a2)2' (l-ti)2(i-t2)2J (l-ai)2- 
The integral in which we replace (1 — 771772)"'^ e| ^{fji, 772) by its partial derivative 

-m'm)~''e^ rim, m) 
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with respect r/i, carries similar terms. The term which comes from the derivation 
will add a factor, in the summands, of the form - — == — — , corresponding to the 

(l-CTiO(70)) 

differentiation of (1 — f]TC)~^- In the above integral this will bring an additional 
factor of the form 

1 



(1 -tia2e*(<^i-^2))- 
Our arguments thus allow to estimate the sum in (9) by 



Jo Jo Jo Jo Jo Jo Jo (l-tia2e^('^i-^2))2r+i 

(1 - a2r-' 

' {1 - aia2e*("W-^2+0i) _ t2e-*<^2 (age^^^ + a^e*(«('T)+^i))}2'" ' 

2 d(/)idti d(j)2dt2 11/2 d6'idai 
■ay2Cia2 jz rToT^ rroi 



(l-ti)2(l-t2)^^ (1-ai)^ 



By Stinespring's estimates ([St]) for the trace class norms (applied to the terms 
of the form i^Gjv^^ <^^Gn)i the integrals in (8) and (9) above (the one for e| ^ and the 
one corresponding to its partial derivative) , will bound the integral in the statement 
of Proposition 7. 

This holds because of Theorem 2 in ([St]) which shows that we may choose the 
same constant in the estimates bounding the nuclear norms for operators on the 
Hilbert spaces L^(Gjv, dAr) by the norm on Gn of the first derivative of the ker- 
nel representing the operator (plus the Hilbert-Schmidt norm). The Stinespring's 
theorem applies here because dA^ is a finite measure on the compact space D. 

Moreover, the renormalization we have to perform on ^ (i.e to divide e| ^{fji, ?72)| 

by (1 — fjiri2Y) comes from the fact that if the Berezin kernel of an operator is 

k{r]i,r]2) then this operator is in fact represented by the kernel jj^^^. 

We will show bellow that for r sufficiently big, the integrals are uniformly 
bounded in s e (0, 1). The two integrals bounding (8) and (9) both carry terms of 
the form 

product of factors (1 — (/(ai, a2, ^1,^2, s))"'f 
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where the functions /, g tend to 1 as the parameters tend to 1. Moreover the factors 
on the top of the fraction behave like products of terms of the form 

while the terms on the bottom of the fraction behave like that after taking out the 
angle measures (^j, 9i, q;(7). 

We use the following convention to denote an integral of the above form (or an 
homegenuous sum of such integrals) by [A — B] where A is the total degree of the 
factors on the top, i.e A is the sum 

A= ^ai+ ^ + 5, 

and similarly for B. 

At each of the partial stages in the integration process for the integrals bounding 
(8) and (9) we will get similar integrals, with one variable from the set (ai, ti, ^2, 0,2) 
(or an angle variable) missing. 

The effect of the integration with respect to (^I'^a-^i and (^i^t.y is that they trans- 
form integrals (or an homogeneous sum) of the form [A — B] into an homogeneous 
sum of integrals of the type [A — 1 — B]. The effect of the integration with respect 
to d^i, d6'2, d(/)i and d(/)2 is that they transform integrals (or an homogeneous sum) 
of the form [A — B] into an homogeneous sum of integrals of the type [A + 1 — S] . 

The effect of the integration of the terms in (8) and (9) is explained as follows. 
By replacing the measures and by, respectively, '-^0^ and '-0^ 

we don't change the uniform convergence of the integrals. The measures are now, 
for each variable, the measure dAo on D. The terms to be integrated may be 
represented at each step as functions of the hyperbolic distance for a convenient 
choice of the variables and we may apply Lemma 1 in [Patl] (see also ([El])). 

For example, the above mentioned lemma shows that if |S| < |^| then the 
integral 

dAo(r/), 

is dominated, (modulo a constant and for some e as small as we want), by 

1 



(1-1 




\A-Bri\'^^ 


1 — ryw 


2r 



(1- 


H 


2^2r 


\A\ 


\2r\ 


|1 - {B/A)r]\^^\ 


1 — r]w\ 


\2r 
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To evaluate the sums in (9) (which is majorizing (8)) we have to go through the 
following process: We start with a term of the form [A — (A + 1)]. Integration by 
d^2 gives an homogeneous sum of terms of the form [A' — A'] . 

The integration by ^^°^^2 will yield an homogeneous sum of terms of the form 
[A" — (A" + 1)]. The square will give homogeneous sum of terms of the form 
[A" — {A" + 2)]. The recursive integration by the ({^l^^^'s will yield an homogeneous 

sum of the type [A'" — {A'" + 2)]. The square root will give a similar (eventually 
an infinite convergent sum) homogeneous sum of the type [A'" — (A"' + 1)]. The 
integral with respect to dOi and the last integral with respect to ^I'^'^^i)^ ^^^^ 
an homogeneous sum of terms of the form [A^"^^ — 1 — A^^^^] which means simply a 
multiple of (to which lower degree terms in are to be added, e.g -nrz^, 



The final form of the integral (leaving aside the factor (1 — s) and before per- 
forming the last integration by the parameter ai) is an homogeneous sum of terms 
of the form 



These (hypergeometric) integrals have the leading term (compare with example 
8, page 297 in [WW]). Finally we have to multiply this by (1 — s) (which comes 
from under the square root). Thus the supremumum of the integrals in in (9), after 
s is finite. 

The singularity behavior for the integrals when the parameters are close to 1, 
may be explained by the similarity of this integrals with the Appell's double hy- 
pergeometric functions ([Ex]). 

This completes the proof of Lemma 7 and hence the proof of Proposition 6. 

We note that by the same method as above, the computation being this time 
considerably easier, allows us to show that the integral in the Remark after Proposi- 
tion 6, with an additional factor (1 — s)-*^/^ is convergent. Thus we have the following 
statement, which is shows a certain mean convergence for the sums involved in the 
determination of Beardon's exponent of convergence. (In fact for group like the free 
group one may check this statement directly by using the natural length function 



a < 1). 
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for our proof, but it shows why the first estimate we used for the norm | |e| ^ 1 1 1 fails 
to give convergence of the integral in Lemma 6. 

Corollary. Let T be a cocompact subgroup of SU{1,1). Let 71,72, ••• be an enu- 
meration ofV. Let d{zX) be the square root of the hyperbolic distance between two 
points z, ( in D. Then the following sums converge, uniformly in N & N: 

7 i=l 



We now use the result in Proposition 6 to prove the following statement which 
estimates the uniform norm on the von Neumann algebras in the Berezin quanti- 
zation. 

Theorem 8. Let T be a cocompact subgroup of PSL{2,'R). For r > 1 let tt^ be 

the projective, unitary representation of PSL{2,'R) (identified with SU{1,1)) on 
the Hubert space Hr = iy^(D, dXr). Let A be a bounded operator on Hr commuting 
with 'KriX)- II ■ IU,r be the norm (initially defined on a weakly dense subalgebra 
of the commutant Ar = {''^ri^)}' ■ The formula for \ \ ■ ||A,r is 



\Xr = fnax 



{sup.eB f \Aiz,Omz,OYdXo{0,supceB [ \AizX)mz,OYdXo{z)}i 



Then there exists a positive constant Mr and a fixed ro > so that for any r > ro 
and for all A in Ar we have that | |^||A,r is finite and 

Halloo, r ^ ||^||A,r ^ -^r 1 1^| |oo,r- 

Moreover, keeping the symbol A fixed, but varying r in a bounded interval, the 
constant Mr remains bounded. 

Proof. We only have to apply Proposition 6 (and its symmetric version when 
the roles of z and ( are switched). The constant Mr is defined by 



max 



[sup( / ||e^ J|Li(^^,^)((i(2;,C))''dA^(C)),sup( / \\ejA\LHAr,T) {d{z,OYdXriz))]i 
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Then, from the definition of the norm || ■ \ \x,r, we deduce that for any A in Ar, 
one has that for aU 2; in D 

/ \A{z,C)mz,C)rdXr{C)= I |r^.(^eI^)|(ci(z,C))MA,(C) 

<ll^lloo,r / ||e|^JUi(^^,,)(cZ(2;,C)rdA^(C))- 
This ends the proof 

Theorem 9. Let T be a cocompact discrete subgroup of PSL{2,M.). For r > 1 let 
TTr be the projective unitary representation of PSL{2,M.) (identified with SU{1, 1)) 
on the Hubert space H^. = H'^{B), dXr)- Let {7rj.(r)}' be the commutant of TTr (T) in 
B{Hr). 

Note that the type IIi factor {TTr{T)y is the von Neumann algebras associated 
to the Berezin's deformation quantization product *h on functions on D/F, when 
h = 1/r and the trace is the integration over a fundamental domain ofV in D. 

Then, for any r, bigger than a fixed ro, the type IIi factors {7Tr{T)y are mutually 
isomorphic. 

Proof. Indeed in [Ra2] we proved that, (for any fuchsian group F), the cychc, two 
cocycle ipr associated with the deformation ([CFS],[NT], [Ra2]) has the following 
property 

lPr{AB,C)<Cr\\A\\x,r\\B\\2\\C\\2 

for all A,B,C in {7rr(r)}'. Moreover, the constants Cr may be chosen uniformly 
bounded for r in a bounded interval. Also, in [Ra2] we proved that if one may 
replace in the above estimate the norm || • \ \\^r with the uniform norm || • ||oo,r on 
B{Hr), then the cocycle ipr is a coboundary (on the von Neumann algebra). In 
this case the evolution operator associated with the operator whose coboundary is 
t/jr (by considering the operator as a quadratic form), will implement (by [Ra2]) an 
isomorphism between the algebras {7rr(F)}'. The preceding statement completes 
thus the proof for a cocompact group F. 

Corollary 10. Let T be a cocompact, discrete subgroup 0/ P5'L(2, M). Let C{r) 
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contains the rational numbers. Equivalently the algebras £(r)(g)M„(C) are mutually 
isomorphic. 

Proof. This follows (by the preceding statement) from the computation in ([AS], 
[Co3], [GHJ]) that {-KriT)}' is isomorphic to >C(r)[(r-i)(cov r)/7r] if r > 2 is an 
integer (note that if r is not an integer, this last isomorphism will also hold ([Ra2]) 
if the group cohomology element in (F, T) associated with the projective, unitary 
representation Tr^lr vanishes). 

Consequently, we obtain that the algebra C{V)[(^n-i){co-v r)/7r] is isomorphic to the 
algebra C{V)\^i^rn-i){cov y)/-k]^ for all sufl&ciently big integers n, m. The result then 
follows from the fact that T{C(T)) is a multiplicative group. This completes the 
proof. 

The following observation is related to the method using in proving Lemma 3. 
Although this is not related to the subject of this paper we mention it here as a 
consequence of the method used in this paper. It shows that one may generalize 
Toeplitz operators with F-invariant symbol to Toeplitz operators whose symbol is a 
finite F- invariant measure on D/F. This operators are also bounded and commute 
with 7rj.(F). 

Recall that if is a bounded F-invariant function on D, then the corresponding 
Toeplitz operator with symbol 4> is the compression to — H'^(D, Aj.) of the 
operator of multiplication with 0. Clearly commutes with 7rj.(F), so in the 
terminology we used in this paper, e {iTriT)}'. 

In particular, the next result shows that there is no positive constant c so that 

for all F-invariant bounded measurable functions (j) on D. If one drops the condition 
of F-invariance this was known to Sarason ([Sar]). 

This statement is true because if the above inequality would hold for some con- 
stant c then it would follow that any element in {7rr(r)}' would be a Toeplitz 
operator with F-invariant, bounded measurable symbol. That these operator do 
not exhaust all of {wriT)}' is the content of the next proposition. 

Observation. Let T be a cocompact subgroup of PSL{2, M) (identified with SU (1, 1) J| 
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finite measure on F. We identify v with a V -invariant measure i> on D (which is 
no longer a finite measure). Consider the quadratic form (eventually unbounded) 
<•,•>!/ defined on iy^(D, A^) by 



< 



fj>.= I \f?di>{z). 



Then the quadratic form < >t, is bounded and defines by a bounded operator 

in {7rr.(r)}' of uniform norm less than a universal constant (depending on T 
andr) times the norm ([Ru]) of the measure v: 

llr^lloo.r < COnstr,T\l^\{F). 

Note that if du = (pdXo, for a bounded, F -invariant function 4> than the operator 
corresponding to < ■, ■ >i, is T^. 

Proof. With the notations in Lemma 3, the (Berezin's) symbol A corresponding 
to the quadratic form < ■ >i, is computed by the formula 



To check that this is a bounded operator is sufficient (by ([Ra2]) to show that the 
norm ||^||a r is finite. Thus we have to estimate 



|i(^,C)|((i(;^,C)rdAo(^) 



< 




(l-l' 


jri\ 




\z\ 


|2)r/2 




|1 


- (777)^1 


r 



< 



F 



1 - mc\ 



By the estimates in [Le] this quantity is uniformly bounded in 2, if r is bigger than 
twice the exponent of convergence of F. 
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